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SUMMARY 
Equilibrium thermodynamic properties are computed for  mixtures of ideal gases 
including ionization and dissociation. Vibrational-rotational corrections for  diatomic 
species a r e  treated by using a modified method and results are compared with those 
obtained by a direct-summation method. 
tude less  computer time and retains the accuracy of the direct-summation method. 
Thermodynamic properties a r e  also computed with the rotating harmonic-oscillator model 
for  the diatomic species for comparison purposes. Calculations a r e  made for  tempera- 
tures  up to 15 000° K and pressures  up to 100 atmospheres. It is shown that the present 
diatomic corrections account for most of the difference between the rotating harmonic- 
oscillator and the virial  methodology results for the temperatures and pressures  con- 
sidered. 
phere, and air. 
The modified method takes an order of magni- 
Results a r e  given for  three gas mixtures: 100 percent C02, a "Mars" atmos- 
INTRODUCTION 
Equilibrium high-temperature thermodynamic properties of arbi t rary gas mixtures 
a r e  required for  the study of flight in planetary atmospheres such as the atmospheres of 
Earth, Mars, and Venus. Many calculations have been carr ied out for air (refs. 1 to 10) 
and a few for  model atmospheres of Mars and Venus (refs. 11 to 13). Most of these 
calculations include the effects of approximate vibrational-rotational corrections for the 
diatomic species. These corrections are usually made by using the method of Mayer and 
Mayer (ref. 14). 
Diatomic corrections in this paper have been treated by a direct-summation method 
as well as by a modified method. The derivation of the method of Mayer and Mayer 
(ref. 14) contains an intermediate step which closely resembles the present modified 
method fo r  diatomic corrections. Also references 15, 16, and 17 give properties of N2 
and 0 2  obtained by using essentially the modified method. In the present paper, results 
based on the direct-summation and modified methods as well as on the rotating harmonic- 
oscillator method (using the harmonic-oscillator energy plus the rigid-rotor energy) a r e  
compared with one another. The direct-summation method is taken to be the most accu- 
rate of the three methods for the temperature and pressure ranges considered. Both the 
direct-summation and the modified method employ an approximate cutoff criterion to 
terminate the summations. This approximation is shown to have a negligible effect on 
the accuracy of mixture properties under the conditions of the present calculations. 
The assumption of a mixture of ideal gases is made and dissociation and ionization 
are included. Twenty-six species a r e  considered: N2, 02,  NO, CO, CN, C02, N, 0, C, 
Ar, N2+, 02+, 02', NO+, CO+, N+, N++, O+, O++, 0-, C+, C++, C-, Ar+, Ar++, e-. 
lations a r e  made for  temperatures up to 15 000° K and pressures  ranging from 10-4 to 
lo2 atmospheres. The White method (sometimes called the RAND method, ref. 18) is 
used to determine the equilibrium composition of the mixture at a given temperature and 
pressure by minimizing the Gibbs f ree  energy. 
compressibility factor), nondimensional enthalpy and entropy, mass  density, and electron 
number density a r e  computed for  the mixture. In the previously described calculations, 
the Gibbs f r ee  energy and enthalpy fo r  individual species a r e  computed from the partition 
function of statistical mechanics. 
Calcu- 
Molecular-weight ratio (sometimes called 
The computer program is set up in such a way that the composition of the gas is 
specified by input quantities and thermodynamic properties can be computed fo r  arbi t rary 
gas mixtures. Carbon 
dioxide is of interest  since model atmospheres for  Venus and Mars have been proposed 
with a 100-percent C02 composition. Results f rom the direct-summation, modified, and 
rotating harmonic-oscillator methods a r e  compared for  the three mixtures as well as for  
the species N2 and 0 2 .  
Calculations were made for  air, C02, and a "Mars" atmosphere. 
A more sophisticated gas model than the present one has been used by others in  
recent air calculations (refs. 7 to 10); for example, Browne (ref. 8) used the virial  
methodology for  diatomic species at high temperatures. The present results for  air are 
compared with those of Browne as an accuracy check. In addition, comparisons are made 
with the results of Gilmore (refs. 1 and 5) who used the assumption of a mixture of ideal 
gases . 
SYMBOLS 
aik number of atoms of component k per  particle of species i 
bk number of moles of component k per  mass  of mixture, moles/g 
























dissociation energy, cm-1 
internal energy per mole of species i, ergs/mole 
Gibbs free energy per mole of species i, ergs/mole 
Gibbs free energy of mixture (per mole of undissociated mixture), ergs/mole 
degeneracy of an energy level 
Planck's constant, 6.62517 X 10-27, erg-sec 
standard heat of formation at T = 00 K per mole of species i, ergs/mole 
enthalpy per mole of species i, ergs/mole 
enthalpy of mixture (per mole of undissociated mixture), ergs/mole 
rotational quantum number 
Boltzmann constant, 1.38044 X 10-16, ergs/deg 
total number of components in  mixture 
molecular weight, g/mole 
molecular weight of undissociated mixture, g/mole 
total number of species considered 
electron number density, cm-3 
Avogadro's number, 6.02322 X 1023, mole-1 
pressure, dynes/cm2 
reference pressure (taken to be 1 atmosphere in this paper), 1.01325 X 106, 
dynes/cm2 
partition function 
universal gas constant, Nok, ergs/mole-deg 
entropy per mole of species i, ergs/mole-deg 
entropy of mixture (per mole of undissociated mixture), ergs/mole-deg 
absolute temperature, O K  
3 
reference temperature, 273.15, OK 
vibrational quantum number 
volume, cm3 
number of moles of species i per  mass  of mixture, moles/g 
total number of moles per mass  of mixture, moles/g 
molecular weight ratio 
property difference 
energy, e rgs  
difference in energy of minima of potential curves of ground state and Z t h  
I th electronic energy level, cm- l  
electronic state, cm-1 
mass  density, g/cm3 
reference mass  density, 5, g/cm3




i species index 
int inte rnal 
k component index 
1 electronic energy level index 
max maximum value 
rot  rotational 
S quantum energy state 
tr translational 
spectroscopic constants fo r  vibrational-rotational energies, cm-1 
4 
vib vibrational 
W vibrational frequency index 
, METHOD 
Model of Arbitrary Gas Mixture 
Calculations a r e  made by assuming a mixture of ideal gases for  temperatures up 
to 15 0000 K and pressures  from 
from atomic elements o r  components with electrons taken to be a component when ioniza- 
tion is considered. The components and chemical combinations of the components, 
including positive and negative ions, form the list of species. All species which can form 
in appreciable amounts at the temperatures and pressures  of interest should be included. 
Five components (N, 0, C, Ar, e-) and 26 species a r e  considered in the present work: N, 
0, C, Ar,  N2, 02,  NO, CO, CN, C02, N+, N++ 7 ,  O+ O++, 0-, C+, C++, C-, AI-+, Ar++, N2+, 
02+,  0 2 - ,  NO+, CO', e-. 
10-4p0 to 102po. A given gas mixture is derived 
It is well known that translational and internal modes must be considered for each 
species where rotational, vibrational, and electronic states a r e  the internal modes. The 
energy modes of a given species will appear in its partition function from which thermo- 
dynamic properties a r e  computed. 
All thermochemical and spectroscopic constants used in the calculations a r e  given 
in tables I to 111 with source references. 
Partition Functions 
The partition function Q f o r  any one species is defined as the following sum over 
all the quantum energy states of the species: 
Since the translational energies are independent of the internal energies, the parti- 
tion function can be written as a product of a translational and an internal partition 
function 
Q = QtrQmt 
The translational partition function takes the familiar form (ref. 19) 
5 
The internal partition function differs for  the three types af species: atomic, 
diatomic, and linear triatomic. For atomic species only electronic states are considered 
in Qint; therefore, 
where the sum should be taken over all electronic energy states which are significantly 
occupied at the temperatures and pressures of interest. Since the reasoning of Gilmore 
(ref. 1) is followed, all levels for  which the principal quantum number is less than or 
equal to 5 are included. In addition to observed levels (ref. 20), a large number of 
missing levels that could be approximated by extrapolating along the isoelectronic 
sequences (ref. 21) are included. A l l  levels f o r  which the energies are greater than the 
ionization potential were omitted and many of the high energy levels were grouped 
together by adding their degeneracies and assigning them an average energy. Further 
discussion of the electronic energy levels used can be found in  appendix B of reference 22. 
For diatomic species the internal partition function includes vibrational and rota- 
tional energies 
hc 
kT 1 --U 
&int = 2 (%ib,rot)lgl e 
1 
Electronic energy levels with u~ > 90 000 cm-l  were not included. For each electronic 
energy level 
where v and j are the vibrational and rotational quantum numbers, respectively, and 
u is the symmetry number (refs. 14 and 23). For a given v and j 
g(v,j) = 2j + 1 (7) 
and, if the third and higher powers of v and j( j  + 1) are neglected, the vibrational- 
rotational energy is 
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which is useful for  values af v and j that significantly contribute to thermodynamic 
properties. Use of this quadratic energy expression is justified in the section 
"Comparison With Other Results." The first two te rms  are the harmonic-oscillator 
and rigid-rotor energies, respectively, and the last three terms are first-order correc- 
tions (refs. 14 and 23). The heat of formation hoi includes the constant terms which 
do not appear in equation (8). The spectroscopic constants satisfy the inequalities 
Since W e ,  wexe, Be, and cye are available in the literature, it is convenient to deter- 
mine De in terms of these quantities. The Morse potential can be used to obtain the 
approximate equation for  De (refs. 14 and 23) 
4B 
W e  
De =* 
which is used throughout the calculations. Tp complete the expression for  
vmax and j b I m a x  must be specified. 
sensitive to these upper limits on v and j because e(v,j) appears as a negative 
exponent in equation (6). Therefore, approximate values of vmax and j(v)max can be 
used. First, the dissociation energy Do is needed for  each electronic state. The 
ground state Do is generally known, but Do for  excited electronic states is not 
readily available and approximate values were  determined as follows: Consider the 
energy expression (eq. (8)) for  j = 0 
%ibYrot, 
The partition function %ibYrot is not very 
and notice that as v increases, e(v,O) reaches a maximum and then decreases. (See 
fig. l(a).) This highest energy value is taken to be the dissociation energy hcDo; thus, 
Do is givenby 
(We - WeXe)2 Do = 
4 ~ e x e  
fo r  excited electronic states (ref. 23). This expression can also be obtained by using a 
Morse potential. Approximate values of Vmm and j ( ~ ) ~ =  were obtained by allowing 
all v and j for which the sum of the harmonic-oscillator energy plus the rigid-rotor 
energy is less than the dissociation energy hcDo; that is, 
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For the ground state, an experimental value of Do is used, and the Do from equa- 
tion (12) is used for an excited electronic state. The upper limit vmax is taken to be 
the largest  integer for  which equation (13) is satisfied for j = 0. 
j(v)m, is taken to be the largest  integer for  which equation (13) holds. Figure 1 shows 
graphically how Vmax and j(v)m, are determined for  an excited electronic state. In 
figure l(a) the curved line is used to determine Do fo r  excited electronic states as 
explained above. The straight line corresponds to the harmonic-oscillator energy and is 
used to determine vmax f o r  the ground electronic state as well as for  the excited elec- 
tronic states. Thus, for  excited electronic states, vm, happens to be only one-half 
the magnitude of the v at which E(v,O) reaches its highest value. If vmax were any 
larger, unrealistic (negative or imaginary) values of j (V)mz would result from equa- 
tion (13). Figure l(b) shows how the maximum value of j ( j  + l) and consequently of j 
is determined for  a given v. A maximum j is determined for  each v from v = 0 
For all v 5 Vmm, 
to v =vmax. 
Use of this vibrational-rotational cutoff criterion is justified in the section 
“Comparison With Other Results.” The quantity %ib,rot can now be computed from 
equation (6). Unfortunately, j(V),= is about 100 whereas vmm is approximately 25; 
thus, an excessive amount of computer time is required to compute %ib,rot for  each 
electronic energy level. To eliminate this difficulty, equation (6) was approximated to 
eliminate the summation over j. The approximations a r e  discussed and the derivation of 
the following modified expression for &ib,rot is presented in  the appendix: 
Equation (14) is a compromise between the direct-summation method (eq. (6)) and the 
method of Mayer and Mayer (ref. 14). It is a useful approximation in that little computer 
time is consumed by the summation over v and the resulting mixture properties a r e  
almost the same as those computed with equation (6). The rotating harmonic-oscillator 
approximation can be made by omitting the correction t e rms  in ~ ( v , j )  (eq. (8)), and 
letting vmm = j(v)” = m; therefore, equation (6) becomes 
The summation over v has a closed form whereas the summation over j is usually 
approximated by an integral (ref. 19) which is equivalent to  the first te rm of the 
8 
Euler-Maclaurin summation formula. (See appendix.) For a given electronic energy 
level. the result is 
Mixture properties computed from each of the forms of G i b , r o t  for diatomic species 
(eqs. 6, 14, and 16) are compared in  the section "Results and Discussion." 
Linear triatomic species are assumed to have only a ground electronic state and the 
harmonic-oscillator rigid-rotor model is used for  the vibrations and rotations. Since a 
linear triatomic species has four independent vibrational frequencies, the vibrational 
partition function will be a product of four contributions as indicated in  the following 
equation: 
which is derived in the same way as equation (16). 
Species Properties 
The expressions for  species properties in te rms  of the partition function can be 
The internal energy per  mole of species i found in textbooks on statistical mechanics. 
is 
and the enthalpy per mole is simply 
Entropy per mole is arb i t ra ry  to within an additive constant and is usually taken to be 
(refs. 1, 8, and 19) 
The Gibbs f r e e  energy can be determined from equations (19) and (20) as 
I 
The Gibbs free energy and enthalpy are needed in determining the equilibrium composi- 
tion and mixture properties. 
Equilibrium Composition 
To determine equilibrium at a constant temperature and pressure, the Gibbs free 




bk = 2 aikYi 
i=l 
(k = 1,2,. . .,m) (22) 
The Gibbs free energy of the mixture is an additive quantity 
1 
n n 
where pi is the partial pressure of species i. According to equations (2) and (3), Q 
is proportional to l/p and equation (23) can be written as 
The ideal gas law for  species i and Dalton's Law give 
pi=3 
P ?  
n 
where = yi. Thus the Gibbs free energy depends on temperature, pressure,  and 
i= 1 
yi as follows: 
(25) 
Notice that Qi(po,T) in equation (26) does not depend on p and needs to be computed 
only once for a given T. 
(eq. (26)) sub- 
ject to the constraints (eqs. (22)). Since equation (26) is nonlinear, a numerical technique 
was used to minimize F. This technique, often called the RAND method or the method 
of White (derived in ref. 18), is widely used and has been shown to be equivalent to two 
The equilibrium concentrations a re  determined by minimizing F 
10 
other popular methods (ref. 24). 
made for yi. A Taylor's series expansion of F about the initial yi is then minimized 
to find a better set  of yi values. 
yi changes by less  than 10-7 between successive iterations. 
that the concentrations yi of major species be accurate and is referred to as the abso- 
lute criterion. 
the iterations while a minor species is still changing by 0.1 of its previous value. Once 
the equilibrium se t  of 
An initial guess consistent with equations (22) must be 
Iterations continue until the absolute value of each 
This criterion requires 
A relative criterion is also required in order to prevent termination of 
yi is known, the mixture properties can be calculated. 
Equilibrium Mixture Properties 
Density can readily be computed from the equation of state 
The enthalpy of the mixture is additive so that 
n 
T- 
Entropy is related to F and H by 
s=- H - F  
T 
Molecular-weight ratio Z, sometimes called compressibility factor, is given by 
Electron number density Ne, the number of electrons per unit volume, is 
where the subscript 1 re fers  to electrons. The Gibbs f r e e  energy F is given by 
equation (26). 
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RESULTS AND DISCUSSION 
Thermodynamic properties were computed three t imes for  each gas mixture, the 
diatomic species being treated by the direct-summation, modified, and rotating harmonic- 
oscillator methods (eqs. (6), (14), and (16)). Calculations were made for air, C02, and a 
M a r s  atmosphere. The composition of air is the same as that in references 1 and 8, 
except that neon has been omitted, and is 78.086 percent N2, 20.947 percent 0 2 ,  
0.934 percent Ar, and 0.033 percent C02 by volume. The Mars atmosphere was based 
on the work of Kaplan reported in reference 25, and has the following composition: 
25 percent N2, 32 percent Ar, and 43 percent C02 by volume. 
For  N2 and 0 2  at atmospheric pressure (p = po), Gibbs f ree  energy and enthalpy are 
presented in figures 2 to  5. Properties for all three mixtures and all three methods a r e  
given in  tables IV to  XIII. 
are made for air in tables XIV to XVII. Finally, a sample Mollier diagram for the Mars  
atmosphere, computed by using the modified method, is given in  figure 6. Detailed 
discussions of the tables and figures are given in the following sections. 
Comparisons of the modified results with other calculations 
Diatomic Species Properties 
Ten diatomic species were considered: N2, N2+, 02,  02+ ,  0 2 - ,  NO, NO+, CO, 
CO+, and CN. Comparisons of the direct-summation, modified, and rotating harmonic- 
oscillator results for  N2 and 0 2  at p = po are given in figures 2 to 5. These species 
were chosen because N2 has a high dissociation energy and 0 2  has a low dissociation 
energy. In figures 2 to  5 the property computed by the direct-summation method is pre- 
sented in  the upper graph. In the lower graph, the value of the quantity calculated by a 
given method minus that f rom the direct-summation method is plotted. 
denoted by Afi/RT or Ahi/RT, is plotted on a magnified scale. Differences are 
plotted for the rotating harmonic-oscillator, the modified, and Browne's (ref. 26) results. 
The results of Browne (ref. 26) are included since he essentially used the Mayer and 
Mayer method (ref. 14) and, in addition, all input constants fo r  diatomic species used in 
the present work (tables I and III) a r e  the same. 
This difference, 
An important point illustrated by figures 2 to 5 is that for a given diatomic species, 
the difference between the modified and the direct-summation results is significant only 
at temperatures higher than that at which the species appreciably dissociates in a mix- 
ture  of ideal gases. Thus, the modified-method results agree well with the direct- 
summation results for temperatures at which a given species concentration is not negli- 
gible. This behavior was observed for the 10 diatomic species considered for mixture 
pressures  up to about 100 atmospheres. 
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Mixture Properties 
Reciprocal molecular weight ratio, nondimensional enthalpy and entropy, logarithm 
of density ratio, and electron number density are given in tables IV to  XIII for  C02, the 
M a r s  atmosphere, and air. Three values a r e  given for  each mixture property to com- 
pare the three methods for  treating the diatomic species. 
based on results for  mixture pressures  f rom 10-4p0 to  102po. Above 102po, the 
assumption of a mixture of ideal gases breaks down (ref. 9). 
lower limit on the validity of the assumptions but about the lower limit for  which results 
for air have been independently checked. 
The following discussions a r e  
10-4p0 is not a However, 
The direct-summation method is considered to be the most accurate of the three 
methods for computing properties. 
1000° K to 15 000' K shows that properties computed by the modified method generally 
agree with those computed by the direct-summation method to well within 0.1 of 1 per- 
cent. 
method a r e  generally within 1 percent except for  electron number density which differs by 
almost 2 percent in some cases. Notice that the enthalpy of the C02 mixture at p = lopo 
(table VI) differs more with choice of method than do the enthalpies of the other two 
mixtures. 
the rotating harmonic-oscillator methods for  H/ZRT a r e  about 0.07, 0.04, and 0.03 for 
C02, Mars ,  and air, respectively. These differences are clearly more meaningful than 
percent differences since H/ZRT passes  through zero (changes sign) near 3000° K f o r  
C02 and Mars. The agreement of mixture properties regardless of method at 15 0000 K 
is primarily due to the small  quantity of diatomic species present for  p <= 102po. 
Examination of results for  temperatures f rom 
Differences between the direct-summation and the rotating harmonic-oscillator 
For example, at 3000° K the differences between the direct-summation and 
In all cases the absolute convergence criterion was used in the equilibrium compo- 
sition calculation. 
for C02 and only in the modified calculations for  M a r s  and air. 
electron number density values in the direct-summation and rotating harmonic-oscillator 
calculations for Mars and air were not comparable with the modified values. 
values were recomputed by using the relative criterion and the revised values a r e  denoted 
by footnote a in tables XII and XIII. 
In addition, the relative criterion was used in all three calculations 
Consequently, some 
Those 
None of the thermodynamic properties examined depend on the second partial 
derivative of the partition function with respect to temperature. 
specific heat and would be expected to be more sensitive to the method of computation 
than those examined herein. 
thermodynamic properties (using the present modified method fo r  diatomic species) and 
the results obtained are given in reference 27. 
Such properties include 
A direct  method for  computing specific heats and related 
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Comparison With Other Results 
The results in tables XIV to XVII are for  air at various temperatures and two 
representative densities. Since the present paper takes temperature and pressure (not 
density) as independent variables, the data in tables XIV to XVII were generated by using 
the pressures  computed by Browne. Comparisons of the present modified-method 
properties with those of Browne (ref. 8) and Gilmore (refs. 1 and 5) show agreement 
to within a few tenths of a percent except for  electron number density. The present 
electron number density generally agrees with that of Browne (ref. 8) to about 0.5 percent. 
The 1.1-percent difference at loglo -& = 0.000 and T = 3000' K (table XVII) appears 
to be caused by numerical round-off e r r o r  in the electron concentration variable y1 
which is small  for  high-density low-temperature conditions. The electron number den- 
sity of Gilmore (refs. 1 and 5) disagrees with both the present results and those of Browne 
by as much as 8 percent in some cases. The fact  that the present resul ts  agree better 
with those of Browne than with those of Gilmore is due to the use of thermochemical and 
spectroscopic constants (tables I to In) which a r e  substantially the same as those used in 
the more recent work of Browne. Below about 10 0000 K, the differences a r e  primarily 
due to differences in  diatomic species properties. At higher temperatures, atoms and 
atomic ions predominate and atomic-energy-level data become important. Properties 
above 15 0000 K have been included for  comparison but are felt to  be approximate because 
of the uncertainties in  data fo r  high energy levels and the assumption of a mixture of 
ideal gases. 
PO 
Since the rotating harmonic-oscillator results differ f rom the modified results by 
up to 2 percent, and the modified results agree to within 0.5 percent with Browne's 
virial  results for  air, the following conclusion seems evident. 
corrections account for  most of the difference between the rotating harmonic-oscillator 
and the virial  methodology results for  the temperatures and pressures  considered. This 
observation supports the use of the quadratic energy expresssion (eq. (8)) and the approxi- 
mate vibrational-rotational cutoff criterion used for  diatomic species. 
The present diatomic 
Comparison of Three Mixtures 
It is of interest  to observe some of the similari t ies and differences among the three 
mixtures at a given temperature in tables IV to XIII. Reciprocal molecular weight 
ratio 1/Z is closest to unity for  air and deviates most f rom unity for C02. This devia- 
tion occurs because undissociated C02 is triatomic whereas air is essentially diatomic. 
As dissociation takes place, the molecular weight of the C02 mixture changes more than 
that of air, Note that the enthalpy H/ZRT of C02 and the Mars atmosphere is negative 
at low temperatures since the C02 species has a negative enthalpy resulting f rom its 
negative heat of formation. The entropy S/R of the C02 mixture is seen to be higher 
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than that of air or the Mars atmosphere at all temperatures considered. 
loglo f?- is about the same for  all three gas mixtures, especially at low temperatures. 
The density 
PO 
The C02 mixture at low temperatures has an order of magnitude smaller electron 
number density Ne than air and the Mars atmosphere. At high temperatures, however, 
the Ne values for all three mixtures a r e  about the same. The Ne values a r e  excep- 
tionally close together for the highest temperature (T = 15 0000 K) and the lowest pres-  
sure  in the tables (p = 1 0 - 3 ~ ~ ) .  
CONCLUSIONS 
It is known that vibrational-rotational corrections for diatomic species must be 
considered in order to compute thermodynamic properties of mixtures of ideal gases 
accurately. Specific conclusions concerning these corrections are as follows: 
1. The modified method results generally agree with those of the direct-summation 
method to well within 0.1 of 1 percent for the mixture properties examined. 
2. The modified method requires about an order of magnitude less  time than that 
used by the direct-summation method. 
3. The rotating harmonic-oscillator results differ from the direct-summation 
results by up to 2 percent for mixture properties. However, specific heat and related 
quantities should differ by greater percentages. 
4. Mixture property results for  air using the modified method for  diatomic species 
generally agree with Browne's virial  methodology results and Gilmore's mixture-of - 
ideal-gases results to about 1/2 percent. 
5. The present diatomic corrections account for most of the difference between the 
rotating harmonic-oscillator results and Browne's virial  methodology results. 
6. At high temperatures, the electron number density Ne is about the same for  all 
three mixtures, especially for  low pressures.  
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., March 7, 1966. 
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APPENDIX 
MODIFIED-METHOD PARTITION FUNCTION 
The modified expression for  G i b , r o t  for  diatomic species is derived in  this 
appendix. Equations (6), (7), (8), and (10) can be combined and rearranged to yield 
In order to save computer time, it is desirable to replace the sum over j with a n  
analytical expression. To this end, the upper limit on j was  changed to infinity 
and the smallest vibrational-rotational correction te rm was approximated by using the 
first two t e rms  of the exponential expansion: 
This expansion (used by Mayer and Mayer, ref. 14) was made to avoid divergence of 
the infinite summation. 
present modified method. The infinite (convergent) summation over j can be accurately 
approximated by using the Euler-Maclaurin summation formula for  function f (j): 
However, no other exponential expansions were made in the 
m '- f ( j )  = Jmf(j)dj  + i f ( O )  - L f ' ( 0 )  +-f"'(O) 1 . . . L 0 1 2  720 
j =O 
as given in reference 14 (p. 152). Application of equation (A4) to  the combination of 
equations (Al) to (A3), t e rms  in negative powers of T being neglected, results in the 
expression 
Te rms  in negative powers of T are neglected because they are small  and inconsistent 
with the symmetry number (a) approximation. Application of equation (A4) is valid only 
16 
APPENDIX 
for values of v for which 
Be - - ( Y ~ V  > 0 
The integral t e rm in the Euler-Maclaurin summation formula will be infinite if this 
inequality does not hold for all values of v up to  and including V m a .  This inequality 
was found to  hold for  every electronic state of each diatomic species as given in table II 
with one exception: the C2Z+ state of Nz+. The value of Vmm was reduced from 
34 to 30 for that state in  order  to satisfy equation (A6). 
When the enthalpy of a diatomic species is computed, the temperature derivative of 
%ib,rot is needed. This derivative is obtained by taking the temperature derivative of 
equation (6), summing j to infinity by using the exponential expansion equ.ation (A3), 
applying equation (A4) to the summation over j ,  and then neglecting t e rms  in negative 
powers of T. The result  is 
17 
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TABLE I.- ATOMIC AND MOLECULAR CONSTANTS 
boi f o r  CN is from ref. 29; hoi for C- is derived 
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0 2 +  































































12.3 83 67 
4.56056 
-3.93146 
a The ground-state dissociation energies Do for diatomic species 
bMi for e' is from reference 28, page 3083. 
a r e  from reference 32. 
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TABLE II.- ATOMIC ENERGY LEVEL CONSTANTS - Concluded 
121  750 
cm-1 cm-1 Cm-1 I
Species C++ Species C+ SI 
3 
1 5  
3 












1 8  









- cies C 
61 982 
64 090 

















































































































48 200 OOC 
18 205 OOC 
6 208 593 
220 210 ooa 
50 215 ooa 







I 3  1 





1 5  
5 
1 5  
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Species C+ - 
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TABLE m.- MOLECULAR ENERGY LEVEL CONSTANTS* 
[All constants were assembled by W. G. Browne in refs. 26 and 33. 

















3 49 757 
6 59 314 
2 68 953 
















2 0 1.9322 
4 9 020 1.722 
2 25 570 2.083 


































8 31 500 
4 38300 





































4 13 400 































*rhe following relations were used when necessary to convert from constants 
given in the references to the constants in this table: 
From reference 14, 
wo = we - W e x e  
~o = Be - 4% 
From reference 23, 
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TABLE 1V.- RECIPROCAL MOLECULAR WEIGHT RATIO 1/Z AT p = lopo 






























Reciprocal molecular weight ratio for 







































































































































1 4  000 
15 000 

































































































































TABLE V.- RECIPROCAL MOLECULAR WEIGHT RATIO 1/Z AT p = 10-3p0 
It ratio for 
ned by - 
Rotating 
iarmonic 

























eciprocal molecular weight ratio for 
CO2 determined by - 
Reciprocal molecular weight ratio f 
a i r  determined by - 
teciprocal molecular W I  

















































































































































































































































- - __ - . . 
Nondimensional enthalpy for CO2 


























7.0701 _ _ _  

























































































































































































































TABLE M.- NONDIMENSIONAL ENTHALPY H/ZRT AT p = 10-3po 
._ . __ - ~~ . 
onal enthalpy for C02 
- -- 
Nondimensional enthalpy for Mars 
atmosphere determined by - 
Nondimensional enthalpy for air 














































































































































































































































































TABLE Ym.- NONDIMENSIONAL ENTROPY S/R AT p = loPo 
Nondlmensional entropy for C02 



























































2 m  
3 000 
3 500 


































































































































































































































TABLE M.- NONDIMENSIONAL ENTROPY S/R AT P = 10-3p0 
Nondimensional entropy for C02 
determined by - 
Nondimensional entropy for Mars 
atmosphere determined by - 
Nondimensional entropy for air 














































































































































































































































































Logarithm of density ratio fo r  CO2 
determined b: 
density ratio for  Mars 







































































































































































































































































TABLE XI.- LOGARITHM OF DENSITY RATIO loglo e AT p = 1 0 - 3 ~ ~  
Po 
Logarithm of density ratio for  C02 





































































































































































































































































_ _ _ _ _ _ _  
_ _ _ _ _ _ _  















TABLE W.- ELECTRON NUMBER DENSITY Ne AT P = 1@0 
F.1143l2 means 0.1143 X e t 4  
I Electronnumber density for  C02 
determined by - Electron number density fo r  Mars atmosphere determined by - Electron number density for  air determined by - 
summation 
T' OK I Direct Modified method 
. -- - - - - 
- --- - _- 
- --- - -- 
- --- - -- 






















_ _  _ _ _  _ _  
_ _  _ _  - -- 
-___- -- 
. -_ _ _  -- 





















































aRecomputed value (see text). 
TABLE xm.- ELECTRON NUMBER DENSITY N, AT p = 1 0 - 3 ~ ~  
&18719 means 0.1871 x lo9, etc.] 
nber density for  C02 
rmined by - 




xci l la tor  
_ _  _ _ _ _  - 
._ _ _  _ _  - 
_ _ _ _ _ _  - 
- - - - -- - 




















Electron number density for  air 
determined by - Electron r atmosph 
Direct 
summation 
- - _ _ _  _- 
- - _ _ _  _ _  
_ _  _ _  _ _ _  
. _ _ _  - _ _  
























_ _ _  _ _  - - 
_ _  - __- - 
- _ _  -_ -- 
- - _ _ _  _ _  
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- - _ _  - _ _  
. -_ _ _  - - 
. - - - - _ _ _  
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_ _  - - _ _  - 
_ _ _  _ _ _  - 
- - _ _ _ _  - 






















_ _  _ _  - _ _  
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- - _ _  - - - 
. . . -. - - 




































































aRecomputed v a h e  (see text). 
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T A B a  ixnr. - RECIPROCAL MOLECUL&@IWEIUIifT 
RATIO 1/Z COMPARISONS FOR AIR 
Modified Browne, 
method I reference 8 
_____~  
TABLE XV.- NONDIMENSIONAL ENTHALPY H/ZRT 
COMPARISONS FOR AIR 
GilEoore, 
references 1 and 5 
Reciprocal molecular weight ratio 
Gilmore, 
I!I 













1 8  000 
21 000 
24 000 
























































a 0 8 2  







































































2 1  000 
24 000 
Nondimensional enthalpy 
























































































aGilmore (ref. 5) notes that this value disagrees 
w i t h  the value 1.380 from reference 2. 
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TABLE XVI.- NONDIMENSIONAL ENTROPY S/R 
COMPARISONS FOR AIR 
T, OK 
Nondimensional entropy determined by - 
Modified Browne, Gilmore, 
method reference 8 references 1 and 5 











































































































































TABLE xvII.- ELECTRON NUMBER DENSITY Ne 
COMPARISONS 'Fm AIR 
E.1822l2 means.0.1822 X 1012, e t 4  
















Ed&d 1 Browne, I Gilmpre,- 
referenceE references 1 and 5 
------- 
0. 182212 



























(we - wexe)v / 
0 "max 















(b) Maximum j for a given v, jWmaX.  
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_ _ - _  -Ref. 26 d i f f e r e n c e  
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Figure 2.- Variation wi th temperature of Gibbs free energy of N2 at p = po determined by the direct-summation method and the 
differences between results f rom the direct summation and other methods. Note that the difference scale i s  magnified. 
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Figure 3.- Variation wi th temperature of enthalpy of N2 at p = po determined by the direct-summation method and the 
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Figure 4.- Variation wi th temperature of Gibbs free energy of 02 at p = po determined by the direct-summation method and the  
differences between results from the  direct summation and other methods. Note that the  difference scale i s  magnified. 
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--- Modified d i f f e r e n c e  
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Figure 5.- Variation w i th  temperature of enthalpy of 02 at p = po determined by the direct-summation method and the 
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